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Abstract Superconducting properties of metallic nano-
wires may strongly depend on specific experimental con-
ditions. Here we consider a setup where superconduct-
ing phase fluctuations are restricted at one point inside
the wire and equilibrium supercurrent flows along the
wire segment of an arbitrary length L. Low tempera-
ture physics of this structure is essentially determined,
on one hand, by smooth phase fluctuations and, on the
other hand, by quantum phase slips. The zero temper-
ature phase diagram is controlled by the wire cross sec-
tion and consists of a truly superconducting phase and
two different phases where superconductivity can be ob-
served only at shorter length scales. One of the latter
phases exhibits more robust short-scale superconduc-
tivity whereas another one demonstrates a power-law
decay of the supercurrent with increasing L already at
relatively short scales.
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1 Introduction
Superconducting properties of ultrathin nanowires are
markedly different from those of their bulk counter-
parts. The key reason for that lies in the presence of
fluctuation effects which become particularly pronounced
in quasi-one-dimensional superconducting systems and
persist down to T → 0 [1,2,3].
Fluctuations in superconducting nanowires become
progressively stronger as the wire cross section s de-
creases. An important parameter controlling the strength
of fluctuation effects is gξ = Rq/Rξ ∝ s, where Rq =
2pi/e2 stands for the quantum resistance unit and Rξ
defines the resistance of a wire segment of length equal
to the superconducting coherence length ξ. Gaussian
fluctuations of the superconducting order parameter
give rise to a negative correction δ∆ ∼ ∆/gξ to the
value of the superconducting gap ∆ [4]. The effects
caused by strong (non-gaussian) fluctuations of the or-
der parameter – the so-called phase slips – turn out to
be even more significant. A phase slip can be viewed as
localized both in space and in time full suppression of
the absolute value of the order parameter accompanied
by the phase jump by ±2pi. At temperatures outside
an immediate vicinity of the critical one TC such fluc-
tuations have a quantum origin and, hence, are usually
referred to as quantum phase slips (QPS). They can
also be thought of as two-dimensional tunneling pro-
cesses with the amplitude [5]
γQPS ∼ (gξ∆/ξ) exp(−agξ), a ∼ 1. (1)
Compelling experimental evidence for the presence of
QPS effects in superconducting nanowires was provided
in a number of works [6,7,8].
Another dimensionless parameter g = Rq/Zw ∝
√
s
specifically accounts for the effects associated with long
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range fluctuations of the superconducting phase ϕ. Here
Zw =
√
Lkin/Cw is an effective impedance of the super-
conducting wire which can be viewed as a transmission
line with (kinetic) inductance Lkin and (geometric) ca-
pacitance Cw. Note that smooth phase fluctuations are
associated with sound-like plasma modes propagating
along the wire, the so-called Mooij-Scho¨n modes [9].
Among the phenomena caused by such fluctuations is
the effect of smearing of the electron density of states
(DOS) [10] which was recently verified experimentally
[11]. Being controlled by g, this smearing can occur even
at gξ ≫ 1 implying both the presence of subgap elec-
tron states at any finite temperature and an effective
suppression of the gap edge singularity down to its com-
plete elimination at g = 2 even at T = 0.
The magnitude of logarithmic inter-QPS interac-
tions is also controlled by the parameter g. For g > 16
this interaction remains strong and, hence, ”positive”
and ”negative” QPS remain bound in pairs. In this
regime the phase coherence inside the wire is essentially
preserved and the wire exhibits vanishing linear resis-
tance. Accordingly, this state can be considered super-
conducting. For g < 16, on the contrary, the inter-QPS
interaction gets weaker and unbound QPS appear as
a result of Berezinskii-Kosterlitz-Thouless-like (BKT)
quantum phase transition (QPT) at g = 16. In this
case the wire acquires a non-zero resistance [12], thus
signaling the absence of a superconducting response.
Note, however, that such a behavior, can be observed in
a specific type of experiments while in different setups
the wire can exhibit superconducting properties even
at g < 16 [13]. A somewhat similar situation was ear-
lier discussed in details in the case of one-dimensional
arrays of resistively shunted Josephson junctions [14].
Yet another type of experiment was recently consid-
ered in [15]. The corresponding setup enables passing
equilibrium supercurrent across an arbitrary segment of
the wire without restricting fluctuations of its supercon-
ducting phase. It was demonstrated that the behavior of
a superconducting nanowire with g < 16 is determined
by the bath of collective plasma modes and turns out to
be richer than that identified earlier for different exper-
imental setups [12,13]. In particular, for the configura-
tion analyzed in [15] total suppression of the supercur-
rent occurs only for g < 2, while at 2 < g < 16 the wire
exhibits a mixed behavior with two different correlation
lengths. This phase turns out to be superconducting at
shorter length scales and non-superconducting at longer
ones.
In the present work we will further investigate equi-
librium properties of a ”disordered” phase with g < 16
and consider the setup that allows to effectively restrict
the space available for phase fluctuations by ”pinning”
Fig. 1 The system under consideration
the superconducting phase ϕ at one point inside the
wire. We will demonstrate that such topology controlled
phase pinning severely enhances the ability of the wire
to conduct supercurrent. This effect can be interpreted
in terms of the absence of a massless mode responsible
for the destruction of superconductivity at g < 2 in the
setup considered in [15]. Instead, the nanowire embed-
ded in our present setup exhibits a transition between
”more” and ”less” superconducting phases character-
ized by different types of long-range behavior.
The structure of the paper is as follows. In Sec. 2
we describe the system under consideration and present
our theoretical approach. In Sec. 3 we analyze the influ-
ence of smooth phase fluctuations on the supercurrent.
Sec.4 is devoted to the effects caused by QPS. Finally,
in Sec. 5 we discuss our findings and compare them to
previous results.
2 Model and formalism
In what follows we will restrict our attention to the
setup displayed in Fig. 1. It features a long and suffi-
ciently thin superconducting nanowire with a bulk su-
perconducting reservoir attached to one of its ends. This
reservoir has a form of an open ring whose opposite end
is attached to the wire by a small-area tunnel junction
at a distance L along the wire. The open ring is pierced
by an external magnetic flux Φ which controls the phase
difference φ = 2piΦ/Φ0 between its ends. Accordingly,
the phase at the left end of the wire is pinned by the
reservoir and is set equal to zero, i.e. ϕ(x = 0) = 0.
We assume our system to be in thermodynamic equi-
librium at T → 0. Our setup allows one to investigate
the ability of the wire to conduct non-vanishing super-
current in a specific phase-biased measurement compli-
mentary to those analyzed elsewhere [12,13,15]. Our
observable of interest is the electric current I(φ) flow-
ing through the wire segment of length L between the
left wire end and the junction. As the supercurrent I
is a 2pi-periodic function of the phase φ we will restrict
the phase φ to the interval φ ∈ (−pi, pi).
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Low-energy physics of the system is conveniently
described by the imaginary-time effective action
S[ϕ] = Sw[ϕ(x)] + SJ [ϕ(0), ϕ(L)]. (2)
Here and below the imaginary time variable τ is omitted
for brevity. The first term in this formula represents the
wire effective action [5,12,16]
Sw[ϕ(x)] =
Cw
8e2
1/T∫
0
dτ
∞∫
0
dx
[(
∂ϕ
∂τ
)2
+ v2
(
∂ϕ
∂x
)2]
,
(3)
while the SJ -term accounts for the Josephson coupling
energy and reads
SJ [ϕ(L)] = −EJ
1/T∫
0
dτ
[
cos
(
ϕ(L)− φ)]. (4)
Integrating out the phase variable ϕ(x) at all points
along the wire except for its value at x = L we arrive
at the reduced effective action which depends only on
the phase ϕ(L, τ) ≡ ϕ:
SR + SJ =
1
2
Sp
(
ϕG−10 ϕ
)
− EJ
1/T∫
0
dτ cos(ϕ− φ) (5)
with
G0(ωn) =
8pi
gωn
tanh
ωnL
v
(6)
and v = e2g/(2piCw) being respectively the bare Mat-
subara propagator of ϕ and the velocity of the Mooij-
Scho¨n mode. We observe that fluctuations of the phase
variable are massive withm0 = gv/8piL. The absence of
a massless mode in our setup (in contrast to that con-
sidered in [15]) is a direct consequence of phase pinning
at x = 0 which prohibits uniform shifts of the phase
inside the wire.
Following our previous work [15] we are going to
employ a variational technique in the form of a self-
consistent harmonic approximation (SCHA). More de-
tails related to this method can be found, e.g., in Ref.
[17]. Let us define the trial action
Str =
1
2
Sp (ϕ− ψ)(G−10 +m)(ϕ− ψ). (7)
The variational parameterm accounts for the interaction-
induced effective mass for the ϕ-mode and ψ represents
the average value of the phase difference. Evaluating
the free energy of the system as a function of these two
parameters and minimizing it with respect to both m
and ψ, we arrive at the following SCHA equations
EJ cos(ψ − φ)e−G(0)/2 −m = 0, (8)
EJ sin(ψ − φ)e−G(0)/2 + gv
8piL
ψ = 0. (9)
Here and below we define
G(0) = T
∑
ωk
(
G−10 (ωk) +m
)
−1
, (10)
where ωk = piT (2k + 1) is the Matsubara frequency.
From Eqs. (8), (9) we observe that within our vari-
ational approach the effect of phase fluctuations is fully
accounted for by effective renormalization of EJ by the
factor e−G(0)/2. The supercurrent I is then found from
the equation
I =
gev
4piL
ψ. (11)
3 Supercurrent in the presence of fluctuations
Let us now make use of Eqs. (8)-(11) and explicitly
evaluate the zero temperature supercurrent inside the
wire segment of length L, see Fig. 1.
At L . v/∆ phase fluctuations are strongly sup-
pressed and the system remains in the mean-field regime.
In the opposite limit of large L the solution of Eq.(8)
exhibits two qualitatively distinct regimes separated by
g∗ = 4. At g < 4 we find |m| ≪ v/L. Therefore, the
emergent mass is negligible, and the effect of fluctua-
tions is purely gaussian. The equation of motion (9) is
then rewritten as
EJ sin(ψ − φ)
(
∆L
v
)
−4/g
+
gv
8piL
ψ = 0. (12)
In the interesting for us limit of smallEJ we may readily
set 8piEJg∆ < 1. In this case the sine term is renormalized
to zero faster than the kinetic inductance contribution
∝ L−1 and, hence, we obtain
I(φ) = 2eEJ
( v
∆L
)4/g
sinφ. (13)
This expression demonstrates that for g < 4 phase fluc-
tuations (i) modify the current-phase relation making
it sine-like instead of the sawtooth-like (the latter is re-
alized in the long L limit mean-field regime) and (ii)
yield a decrease of the supercurrent as compared to the
standard Josephson formula I(φ) = 2eEJ sinφ that ap-
plies in the limit L→ 0. In addition, we observe that in
the presence of fluctuations the supercurrent (13) de-
cays faster with increasing L than the standard mean
field dependence I ∝ 1/L.
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Let us now turn to the case g > 4. Resolving Eq.
(8) in the limit L→∞ we obtain
m =


[
EJ cos(ψ − φ)
(
8pi
∆g
) 4
g
] g
g−4
, cos(ψ − φ) > 0,
−gv/8piL+ o(1/L), cos(ψ − φ) < 0.
(14)
This solution remains valid only as long as L exceeds
the new length scale of our problem L∗ which reads
L∗ =
v
∆
(
g∆
8piEJ
) g
g−4
. (15)
This length scale separates the regime L > L∗ where
fluctuations lead to a non-gaussian renormalization of
the interaction potential from the gaussian regime L≪
L∗ where |m| ≪ gv/8piL. As long as v/∆ ≪ L ≪ L∗
the current is again given by Eq. (13).
For g > 4 the renormalized Josephson coupling en-
ergy decreases slower than 1/L and at L ∼ L∗ it be-
comes of the same order as the kinetic inductance con-
tribution. At even larger distances the mass renormal-
ization saturates to the value defined in Eq. (14). The
kinetic inductance contribution, on the contrary, de-
creases as 1/L. Therefore, at L ≫ L∗ the phase is
pinned to the lowest minimum of the renormalized Joseph-
son junction potential, i.e. we have ψ = φ. In this case
the current-phase relation reduces to the standard mean
field form
I(φ) =
gev
4piL
φ. (16)
4 The effect of QPS
The above analysis accounts only for the effect of smooth
phase fluctuations and does not include quantum phase
slips. Their influence is essentially identical to that al-
ready analyzed in Refs. [13,15] for different setups. Hence,
at this point it suffices to only briefly summarize our key
observations.
As we already discussed, for g > 16 ”positive” and
”negative” quantum phase slips are bound in pairs thus
causing no long-range phase decoherence. Hence, for
such values of g all results of the previous section remain
applicable also in the presence of QPS.
In contrast, at g < 16 quantum phase slips are no
longer bound in pairs. In this case yet another length
scale appears in our problem. It plays the role of a de-
coherence length due to QPS and reads [13,15]
Lc ∼ ξ exp
(
8agξ
16− g
)(
ξ∆
v
) 8
16−g
. (17)
As L grows larger, quantum phase slips yield stronger
disruption of long range phase coherence along the wire
and, hence, faster decay of the supercurrent. In partic-
ular, at L≫ Lc we have [13]
I(φ) ∼ egξ∆
√
L√
ξ
( v
L∆
) 3g
32
exp
(
−3agξ
4
− L
Lc
)
sinφ.
(18)
Combining this result with those derived above in the
previous section we arrive at the following physical pic-
ture.
For g < 4 there exists only one correlation length
(17) in our problem. At L ≪ Lc QPS effects are irrel-
evant and the supercurrent suppression is merely due
to smooth phase fluctuations. In this limit Eq. (13) ap-
plies and the supercurrent decays as a power-law with
increasing L. As soon as L exceeds Lc quantum phase
slips come into play and the supercurrent decay be-
comes exponential with L, as it is seen in Eq. (18).
Thus, in practical terms the wire loses its ability to
carry supercurrent in the limit of large L≫ Lc.
The situation becomes somewhat more complicated
for 4 < g < 16, since in this case there exist two differ-
ent correlation lengths in our problem, L∗ and Lc. The
first one diverges as g → 4 while the second one tends
to infinity at g → 16. Depending on the relation be-
tween these two lengths, a number of different regimes
can occur.
Let us first consider the limit L∗ ≪ Lc which can al-
ways be realized for sufficiently large values of gξ. As be-
fore, at shorter length scales L < L∗ only smooth phase
fluctuations affect the supercurrent causing its power-
law suppression with increasing L and the sinusoidal
current-phase relation, see Eq. (13). At L∗ < L < Lc
both smooth phase fluctuations and quantum phase
slips are practically irrelevant and the supercurrent is
defined by the standard mean field result I ∝ 1/L (16)
describing the sawtooth-shaped current-phase relation.
Finally, at L ≫ Lc the current is exponentially sup-
pressed and the current-phase relation again reduces to
the sine form, see Eq.(18).
For certain values of the system parameters – in
particular for g close to 4 – one can also realize the
regime L∗ > Lc. In this case there exists no room for
the mean field result (16), whereas both Eqs. (13) and
(18) remain applicable in the corresponding limits.
5 Discussion
Superconducting properties of metallic nanowires de-
pend not only on their parameters, but also on the
topology of the experimental setup and on the way
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the experiment is being performed. The ability of the
wire to carry supercurrent also varies at different length
scales being affected by different kinds of fluctuations.
In this work we investigated how fluctuations affect su-
percurrent in a long superconducting nanowire as a part
of the setup displayed in Fig. 1. This setup allows the
wire to pass an equilibrium supercurrent across a seg-
ment of arbitrary length L driven by an external mag-
netic flux. Configurations of phase inside the wire are
restricted only by a bulk reservoir which pins the su-
perconducting phase at one of the wire ends.
Fluctuation effects manifest themselves, on one hand,
via sound-like collective plasma modes forming a quan-
tum dissipative environment for electrons inside the
wire and, on the other hand, via quantum phase slips.
The effect of a dissipative environment formed by plasma
modes boils down to an effective renormalization (re-
duction) of the Josephson current. As the bath of col-
lective modes is almost Ohmic (having a lower cut-off
frequency which scales as 1/L) the low temperature
system behavior resembles that involving the so-called
Schmid dissipative QPT [18]. For g smaller than the
critical value (g < 4) the effect of smooth phase fluctu-
ations is purely gaussian. It leads to a power-law decay
of the current (see Eq. (13)). The current-phase rela-
tion is sine-like in this regime. For g > 4 a new length
scale L∗ defined in Eq.(15) appears beyond which the
bath obtains a finite interaction-induced mass as in Eq.
(14) and the phase becomes pinned to the value defined
by an external magnetic flux. At this scale the current
becomes insensitive to smooth phase fluctuations and
is given by a simple mean field formula (16) with a
sawtooth shape of current-phase dependence.
The presence of quantum phase slips naturally leads
to a BKT-type quantum phase transition at g = 16
[12]. For g > 16 QPS do not have any significant im-
pact on the supercurrent and the wire retains supercon-
ductivity at any length scale (with supercurrent some-
what reduced by fluctuations at L < L∗). At g < 16
phase slips are unbound and cause an exponential de-
cay of the current at L ≫ Lc according to Eq. (18)
where the phase relaxation length Lc is defined in Eq.
(17). Smooth phase fluctuations are irrelevant in this
regime and the wire loses superconductivity at soon as
L strongly exceeds Lc. On the contrary, at L < Lc QPS
do not play a significant role and the physics is com-
pletely determined by smooth phase fluctuations.
It is interesting to compare our present results with
those derived recently in Ref. [15]. While the setup [15]
allows for unrestricted fluctuations of the superconduct-
ing phase, here we consider a different topology which
effectively pins the phase at one of the wire ends. In the
former case a gapless Ohmic mode (associated with uni-
form phase shifts along the wire) appears at any L, in
contrast to the situation considered here. Fluctuations
associated with this gapless mode cause a Schmid-like
QPT at g = 2. As a result, in the setup considered in
Ref.[15] the wire completely loses superconductivity at
g < 2, whereas the phase with 2 < g < 16 is mixed,
i.e. it is non-superconducting in the long length limit
and superconducting at shorter scales, even though the
gapless mode causes additional suppression of current
in the limit L → 0. Comparing this situation with the
one considered here, we observe that superconductivity
is severely enhanced by the phase pinning as a result of
the soft mode suppression. This effect turns the QPT at
g = 2 [15] into a transition between ”less” and ”more”
superconducting phases at g = 4 considered here. We
also note that a similar phase transition was also dis-
cussed in Ref. [19] in the context of superconducting
nanorings interrupted by a Josephson junction.
It would be interesting to verify our predictions in
experiments with superconducting nanowires.
ADZ and AGS acknowledge the financial support
by RFBR Grant No. 18-02-00586. AR acknowledges the
RFBR Grant No. 19-32-90229.
References
1. Zaikin, A.D., Golubev, D.S.: Dissipative Quantum Me-
chanics of Nanostructures: Electron Transport, Fluctua-
tions and Interactions (Jenny Stanford Publishing, Singa-
pore, 2019)
2. Arutyunov, K.Yu., Golubev, D.S., Zaikin, A.D.: Supercon-
ductivity in one dimension, Phys. Rep. 464, 1 (2008)
3. Larkin, A.I., Varlamov, A.A.: Theory of Fluctuations in
Superconductors (Clarendon Press, Oxford, 2005)
4. Golubev, D.S., Zaikin, A.D.: Thermally activated phase
slips in superconducting nanowires, Phys. Rev. B 78,
144502 (2008)
5. Golubev, D.S., Zaikin, A.D.: Quantum tunneling of the
order parameter in superconducting nanowires, Phys. Rev.
B 64, 014504 (2001)
6. Bezryadin, A., Lau, C.N., Tinkham, M.: Quantum sup-
pression of superconductivity in ultrathin nanowires, Na-
ture 404, 971 (2000)
7. Lau, C.N. et al.: Quantum phase slips in superconducting
nanowires, Phys. Rev. Lett. 87, 217003 (2001)
8. Zgirski, M. et al.: Quantum fluctuations in ultranarrow
supercooducting aluminum nanowires, Phys. Rev. B 77,
054508 (2008)
9. Mooij, J.E., Scho¨n, G.: Propagating plasma mode in thin
superconducting filaments, Phys. Rev. Lett. 55, 114 (1985)
10. Radkevich A., Semenov, A.G., Zaikin, A.D.: Quantum
phase fluctuations and density of states in superconducting
nanowires, Phys. Rev. B 96, 085435 (2017)
11. Arutyunov, K.Yu. et al.: Smearing of electron density of
states in quasi-one-dimensional superconducting channels
due to quantum phase fluctuations, J. Magn. Magn. Mat.
459, 356 (2018)
12. Zaikin, A.D. et al.: Quantum phase slips and transport in
ultrathin superconducting wires, Phys. Rev. Lett. 78, 1552
(1997)
6 Alexey Radkevich et al.
13. Semenov, A.G., Zaikin, A.D.: Persistent currents in quan-
tum phase slip rings, Phys. Rev. B 88, 054505 (2013)
14. Bobbert, P. et al.: Phase transitions in dissipative Joseph-
son chains: Monte Carlo results and response functions,
Phys. Rev. B 45, 2294 (1992)
15. Radkevich A., Semenov, A.G., Zaikin, A.D.: Quan-
tum fluctuations and phase coherence in superconducting
nanowires, Phys. Rev. B 100, 014520 (2019)
16. Van Otterlo, A. et al.: Dynamics and effective actions of
BCS superconductors, Eur. Phys. J. B 10, 131 (1999)
17. Kleinert, H.: Hubbard-Stratonovich Transformation:
Successes, Failure, and Cure, EJTP 8, 57 (2011)
18. Scho¨n, G., Zaikin, A.D.: Quantum coherent effects, phase
transitions and the dissipative dynamics of ultra small tun-
nel junctions. Phys. Rep. 198, 237 (1990)
19. Hekking, F.W.J., Glazman, L.I.: Quantum fluctuations in
the equilibrium state of a thin superconducting loop, Phys.
Rev. B 55, 6551 (1997)
